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MEASURE FOR FAMILIES OF HYPERPLANES SYSTEMS
IN THE AFFINE SPACE
G. MOLICA BISCI*
(Nota presentata dal Socio Corrispondente Marius Stoka)
ABSTRACT. We study the problem of the measurability of families of k-hyperplanes hav-
ing a common fixed point and placed in A2n+1, with n ≥ 3. We prove that for k = 2n
or k = 3 and 2n = 3t, for some t ∈ N, the family is not measurable.
1. Introduction
Let Xn be an n-dimensional space, for example the affine or the projective space over
the real field and
(1) Gr : x′i = fi(x1, ..., xn; a1, ..., ar), (i = 1, ..., n),
a Lie group of transformations on Xn with a1, ..., ar independent set of essential param-
eters for Gr. We assume that the identity of the group Gr is determined by a1 = ... =
ar = 0. A function φ, solution of the system of partial differential equations
(2)
n∑
i=1
∂
∂xi
(ξij(x1, ..., xn)φ(x1, ..., xn)) = 0,
where
ξij(x1, ..., xn) =
∂x′i
∂aj
∣∣∣
a=0
, (j = 1, ..., r),
is an invariant integral function for the groupGr. M.Stoka [8] defines measurable a group
Gr with a unique invariant integral function φ, up to a constant factor. Let Vq be a family
of p-dimensional varieties defined by
Vq :=

F1(x1, ..., xn;α1, ..., αq) = 0
...
...
Fn−p(x1, ..., xn;α1, ..., αq) = 0
where αs ∈ R, s = 1, ..., q are essential independent parameters and Fk, k = 1, ..., (n−p)
are analytic functions on its domains. Following the definitions and the proof in [8], ifGr
is the maximal invariant group of Vq one has an associated group of transformations
Hr : α′h = ϕh(α1, ..., αq; a1, ..., ar), (h = 1, ..., q),
1
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andGr andHr are isomorphic.
If we suppose that Hr is measurable of invariant integral function φ(α1, ..., αq), the
expressions
µGr (Vq) =
∫
F(α)
φ(α1, ..., αq)dα1 ∧ ... ∧ dαq,
where F(α) = {(α1, ..., αq) ∈ Rq| Fk(x;α1, ..., αq) = 0, k = 1, ..., n− p} and
|φ(α1, ..., αq)|dα1 ∧ ... ∧ dαq,
are respectively the measure of the family Vq and the invariant density respect to the group
Gr of the family Vq. A family of varieties is measurable if there exist a unique measure
φ. If the groupGr is not measurable this not implies that the family of varieties Vq is not
measurable. We consider in this case, subgroups of the maximal invariant group Gr. A
subgroup of Hr is said of H0-type if it is isomorphic to a subgroup of Gr obtained with
the conditions
αl1 = αl2 = ... = αlt = 0,
for some t. A subgroup of Hr is H0-measurable if it is of H0-type and measurable. Its
measure is said H0-measure. For other notions see [1]. Recently several authors studied
problems of Integral Geometry in projective spaces, see for instance [9], [3], [4]. In this
paper we take, as ambient space, an affine space A2n+1 over R of dimension 2n + 1,
n ≥ 3 and coordinates x1, ..., x2n+1. We consider a family of systems of k-hyperplanes,
1 ≤ k < 2n + 1, passing for a fixed point that we assume the origin of coordinates. In
terms of equations we have
(3) x1 +
2n+1∑
j=2
βji xj = 0, 1 ≤ i ≤ k,
where βji ∈ R.
In [1] the authors showed that the family of systems of k-hyperplanes, 1 ≤ k ≤ 7,
having a common fixed point and placed in a 7-dimensional affine space, is not measurable
for k 6= 1, 5 and it has a singleH0-measure for k = 1, 5.
In this paper we attack the same problem for an affine space of higher dimension. We
show that for k = 2n and k = 3 with 2n = 3t, for some t ∈ N, the family of 2n-
hyperplanes, respectively 3-hyperplanes is not measurable. For the family of 1-hyperplanes
we find the uniqueH0-measure
φ =
1
β21β
3
1 · ... · β2n+11
.
For other questions about this argument see the paper [2] or [5].
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2. Preliminaries
The parameters space of the family of systems of k-hyperplanes in A2n+1 is of dimen-
sion 2nk and coordinates βji ∈ R with 1 ≤ i ≤ k and j = 2, ..., 2n + 1. The maximal
group of invariance of the family is
(4) G(2n+1)2 : xr =
2n+1∑
s=1
αsrx
′
s, r = 1, 2, ..., 2n+ 1
with αsr ∈ R.
Acting byG(2n+1)2 on (3) we obtain
(5) x′1 +
2n+1∑
j=2
β
′
i
j
xj = 0, 1 ≤ i ≤ k
β
′
i
j ∈ R, with
(6) H(2n+1)2 : β
′
i
j
=
αj1 +
∑2n+1
l=2 β
l
iα
j
l
α11 +
∑2n+1
l=2 β
l
iα
1
l
,
where 1 ≤ i ≤ k; j = 2, ..., 2n+ 1 and α11 +
∑2n+1
l=2 β
l
iα
1
l 6= 0.
The infinitesimal operators1 are:
(7) ξij11 = −βji ; ξijh1 = −βhi βji ; ξij1s = δjs; ξijhs = βhi δjs,
with 1 ≤ i ≤ k; s, j, h = 2, 3, ..., 2n+ 1 and where δjs is the Kronecker’s symbol.
Theorem 1. The groupH(2n+1)2 given by
(8) β′i
j
=
αj1 +
∑2n+1
l=2 β
l
iα
j
l
α11 +
∑2n+1
l=2 β
l
iα
1
l
,
where 1 ≤ i ≤ k, j = 2, ..., 2n+ 1 and α11 +
∑2n+1
l=2 β
l
iα
1
l 6= 0 is not measurable.
Proof: We consider the following Deltheil’s system
(9)
k∑
i=1
2n+1∑
j=2
βji
∂φ
∂βji
= −2nkφ,
k∑
i=1
∂φ
∂βji
= 0, j = 2, ..., 2n+ 1
k∑
i=1
βji
2n+1∑
h=2
βhi
∂φ
∂βhi
= −(2n− 2)φ
k∑
i=1
βji , j = 2, ..., 2n+ 1
1For the notions of Integral Geometry see [8]
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k∑
i=1
βji
∂φ
∂βji
= −kφ, j = 2, ..., 2n+ 1
k∑
i=1
βji
∂φ
∂βhi
= 0, j, h = 2, ..., 2n+ 1; j 6= h
It is an easy remark that this system admits the unique trivial solution.
It is possible that the family of systems of k-hyperplanes is measurable. In fact for
k = 1, we have the following
Theorem 2. The family of systems of 1-hyperplanes having a common fixed point inA2n+1
is measurable withH0-measure given by
φ =
1
β21β
3
1 · ... · β2n+11
,
up to a constant non-zero factor.
Proof: We consider the subgroupG(1) ofG(2n+1)2 given by
xr = αrrx
′
r, r = 2, 3, ..., 2n+ 1
Denoting by H(1) the correspondent subgroup in the parameters space H(2n+1)2 , we
obtain the Deltheil’s system
(10)
2n+1∑
j=2
βji
∂φ
∂βji
= −2nφ, βj1
∂φ
∂βj1
= −φ, j = 2, 3, ..., 2n+ 1
The unique (non-trivial) solution of this system is
φ =
1
β21β
3
1 · ... · β2n+11
.
Finally the subgroupH(1) isH0-measurable.
3. Some non measurable family of hyperplanes systems
The main result of this section concern the non-measurability of two families of hyper-
planes of the affine space. They can be described by the following Theorem 3 and Theorem
4.
Theorem 3. The family of systems of 2n-hyperplanes having a common fixed point in
A2n+1 is not measurable.
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Proof: Taking the subgroupG(2) ofG(2n+1)2 , given by
x1 = α11x
′
1 xr =
2n+1∑
s=2
αsrx
′
s, r = 2, 3, ..., 2n+ 1.
we denote by H(2) the correspondent subgroup in the parameters space H(2n+1)2 . We
can consider the following Deltheil’s system
(11)
2n∑
i=1
2n+1∑
j=2
βji
∂φ
∂βji
= −4n2φ,
2n∑
i=1
βji
∂φ
∂βji
= −2nφ, j = 2, ..., 2n+ 1
2n∑
i=1
βji
∂φ
∂βhi
= 0, j, h = 2, ..., 2n+ 1; j 6= h
The solution of the previous system is (up to a constant factor)
φ =
1
[det(M)]2n
,
where
M :=

β12 β22 β32 ... ... β2n,2
β13 β23 β33 ... ... β2n,3
β14 β24 β34 ... ... β2n,4
... ... ... ... ... ...
β1,2n+1 β2,2n+1 β3,2n+1 ... ... β2n,2n+1

Now we consider the subgroupG(3) ofG(2n+1)2 , given by
xr =
2n+1∑
s=2
αsrx
′
s, r = 1, 2, 3, ..., 2n− 1,
xr = αrrx
′
r, r = 2n, 2n+ 1.
Denoting by H(3) the correspondent subgroup in the parameters space H(2n+1)2 , as
customary we give the Deltheil’s system
(12)
2n∑
i=1
2n+1∑
j=2
βji
∂φ
∂βji
= −4n2φ,
2n∑
i=1
∂φ
∂βji
= 0, j = 2, ..., 2n+ 1
2n∑
i=1
βji
2n+1∑
h=2
βhi
∂φ
∂βhi
= −(2n+ 1)φ
2n∑
i=1
βji , j = 2, ..., 2n+ 1
6 G. MOLICA BISCI
2n∑
i=1
βji
∂φ
∂βji
= −2nφ, j = 2, ..., 2n+ 1
2n∑
i=1
βji
∂φ
∂βhi
= 0, j = 2, 3, ..., 2n− 1;h = 2, 3, ..., 2n+ 1; j 6= h
We obtain
φ =
det[M1] · ... · det[M2n]
det2n[G1] det2n[G2]
,
where
G1 :=

1 β21 β
3
1 β
4
1 ... β
2n
1
1 β22 β
3
2 β
4
2 ... β
2n
2
... ... ... ... ... ...
... ... ... ... ... ...
1 β22n−1 β
3
2n−1 β
4
2n−1 ... β
2n
2n−1
1 β22n β
3
2n β
4
2n ... β
2n
2n

G2 :=

1 β21 β
3
1 β
4
1 ... β
2n−1
1 β
2n+1
1
1 β22 β
3
2 β
4
2 ... β
2n−1
2 β
2n+1
2
... ... ... ... ... ... ...
... ... ... ... ... ... ...
1 β22n−1 β
3
2n−1 β
4
2n−1 ... β
2n−1
2n−1 β
2n+1
2n−1
1 β22n β
3
2n β
4
2n ... β
2n−1
2n−1 β
2n+1
2n

M1 :=

1 β22 β
3
2 β
4
2 ... β
2n−1
2
1 β23 β
3
3 β
4
3 ... β
2n−1
3
... ... ... ... ... ...
1 β22n−1 β
3
2n−1 β
4
2n−1 ... β
2n−1
2n−1
1 β22n β
3
2n β
4
2n ... β
2n−1
2n

M2 :=

1 β21 β
3
1 β
4
1 ... β
2n−1
1
1 β23 β
3
3 β
4
3 ... β
2n−1
3
... ... ... ... ... ...
... ... ... ... ... ...
1 β22n−1 β
3
2n−1 β
4
2n−1 ... β
2n−1
2n−1
1 β22n β
3
2n β
4
2n ... β
2n−1
2n

.
.
.
and
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M2n :=

1 β21 β
3
1 β
4
1 ... β
2n−1
1
1 β22 β
3
2 β
4
2 ... β
2n−1
2
... ... ... ... ... ...
... ... ... ... ... ...
1 β22n−2 β
3
2n−2 β
4
2n−2 ... β
2n−1
2n−2
1 β22n−1 β
3
2n−1 β
4
2n−1 ... β
2n−1
2n−1

Finally we consider now the case of family of systems of 3-hyperplanes.
Theorem 4. The family of systems of 3-hyperplanes having a common fixed point inA2n+1
with 2n = 3t, for some t ∈ N, is not measurable.
Proof: Let us consider the subgroupG(4) ⊂ G(2n+1)2 given by
xr = αrrx
′
r, r = 2, 3..., , 2n
xr =
2n+1∑
s=1
αsrx
′
s, r = 1, 2n+ 1.
Let us denote byH(4) the correspondent subgroup in the parameters spaceH(2n+1)2 .
The Deltheil’s system will be
(13)
3∑
i=1
2n+1∑
j=2
βji
∂φ
∂βji
= −6nφ,
3∑
i=1
∂φ
∂βji
= 0, j = 2, ..., 2n+ 1
3∑
i=1
β2n+1i
2n+1∑
h=2
βhi
∂φ
∂βhi
= −(2n+ 1)φ
3∑
i=1
β2n+1i ,
3∑
i=1
βji
∂φ
∂βji
= −3φ, j = 2, ..., 2n+ 1
3∑
i=1
β2n+1i
∂φ
∂βhi
= 0, h = 2, 3, ..., 2n.
Hence, after some calculations the solution is
φ =
det4[D2n] det4[D2n+1] det4[D2n+2]
det3[D1] det3[D2] · ... · det3[D2n−1]
,
where
D1 :=
 1 1 1β21 β22 β23
β2n+11 β
2n+1
2 β
2n+1
3
 D2 :=
 1 1 1β31 β32 β33
β2n+11 β
2n+1
2 β
2n+1
3

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D3 :=
 1 1 1β41 β42 β43
β2n+11 β
2n+1
2 β
2n+1
3
 D4 :=
 1 1 1β51 β52 β53
β2n+11 β
2n+1
2 β
2n+1
3

.
.
.
D2n−1 :=
 1 1 1β2n1 β2n2 β2n3
β2n+11 β
2n+1
2 β
2n+1
3

D2n :=
(
1 1
β2n+11 β
2n+1
2
)
D2n+1 :=
(
1 1
β2n+11 β
2n+1
2
)
D2n+2 :=
(
1 1
β2n+11 β
2n+1
3
)
IfG(5) is the subgroup ofG(2n+1)2 , given by
x1 = α11xrx
′
, xr =
2n−2∑
s=2
αsrx
′
s, r = 2, 3, ..., 2n− 2,
xr =
2n−1∑
s=1
αsrx
′
s, r = 2n− 1, 2n, 2n+ 1.
andH(5) is the correspondent subgroup in the parameters spaceH(2n+1)2 we have the
system
(14)
3∑
i=1
2n+1∑
j=2
βji
∂φ
∂βji
= −6nφ
3∑
i=1
βji
∂φ
∂βhi
= −3φ, j = 2, ..., 2n+ 1
3∑
i=1
βji
∂φ
∂βhi
= 0,
with j, h = 2, ..., 2n− 2, h 6= j; j, h = 2n− 1, 2n, 2n+ 1, h 6= j.
Hence the solution is
φ =
1
det3[B1] det3[B2] · ... · det3[B 2n
3
]
,
where
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B1 :=
β21 β31 β41β22 β22 β42
β23 β
3
3 β
4
3
 B2 :=
β51 β61 β71β52 β62 β72
β53 β
6
3 β
7
3 ,

.
.
.
B 2n
3 −1 :=
β2n−41 β2n−31 β2n−21β2n−42 β2n−32 β2n−22
β2n−43 β
2n−3
3 β
2n−2
3
 B 2n
3
:=
β2n−11 β2n1 β2n+11β2n−12 β2n2 β2n+12
β2n−13 β
2n
3 β
2n+1
3

Remark We observe that for n = 3 and 1 ≤ k ≤ 7 the family of systems of k-
hyperplanes having a common fixed point and placed in a seven dimensional affine space
is not measurable for k 6= 1, 5 and has a singleH0-measure for k = 1 or k = 5, as showed
in [1].
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